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This article explores the intricate fluid dynamics within stenosed curved arteries, focusing on Newtonian or viscous fluids' incompressible, two-dimensional, and time-independent flow. The modeled Navier-Stokes equations in curvilinear coordinates are solved numerically through the finite volume method by using open foam, and exact solutions are also computed after using the assumptions of mild stenosis. The flow inside a stenosed curved artery having computational results through FVM is the main achievement of the present work. We have included 2D and 3D graphics depicting pressure gradient, velocity distribution, and shear stress for physical visualization. This helps provide a clear understanding of the physical circumstances exhibited in the analysis. This work contributes significantly to biomechanics by unraveling the intricacies of fluid flow in stenosed curved arteries. The combination of numerical simulations, exact solutions, and visual representations enhances our understanding of the underlying physical phenomena, paving the way for further advancements in cardiovascular research and clinical applications. These visual representations serve as crucial tools for physical visualization, enhancing the interpretability of the complex flow patterns observed in the analysis.
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1. Introduction
[bookmark: _Hlk145574166]Many scholars in the recent past have extensively investigated the blood flow mechanism inside small-scale stenosed arteries. When a thin layer of lipids (wax, fats, and oils) builds up inside an artery, it causes stenosis. As a result, the sick artery's hemodynamic activity becomes aberrant, the channel narrows and restricts flow, or, worst case, a stenosis completely blocks an artery. Typically, the flow in an artery of this type ceases to be laminar and exhibits both turbulent and unsteady flow characteristics. Quantification and stenosis detection are prerequisites for surgical operation [1]. A comparison of Newtonian and non-Newtonian blood models was presented by Pontrelli [2]. 
A numerical study is always the way to go when dealing with blood flow problems where stenosed walls complicate the geometric model and turbulent and erratic flow are anticipated. Mandal [3] has quantitatively studied the erratic blood flow within a stenosed artery. Our study of such blood flow issues is constrained to a steady and laminar flow approach if we adopt an exact or perturbation solution technique. A few studies that explain the consistent and laminar blood flow within an ill artery are [4-6]. Among the fascinating blood flow mechanisms found inside numerous stenosed arteries is one of the current studies. 
A numerical investigation into the hemodynamic mechanism of several stenosed arteries was conducted by Varshney et al. [7]. A generalized mathematical model explaining the multiple stenosis in a cylindrical tube was presented by Changdar et al. [8]. Furthermore, the notion of multiple stenosis and other recent developments in arterial blood flow issues are given [9–11]. This analysis is not restricted to straight channel flow issues; blood flow inside curved, stenosed arteries must also be interpreted due to the artery's curvature. However, there aren't many studies available in this area [12–14].  
The body of research that is now available indicates that no single study research describes the hemodynamic process of a curved artery with numerous stenosis. Here, we describe a mathematical analysis that interprets the blood flow within a curved artery with numerous stenosis. For such arterial blood flow problems, a comparison between the precise and numerical solutions approaches is also given. The blood flow issue of curved arteries with numerous stenosis was first addressed using the exact solution strategy. Next, a numerical solution approach is also considered to determine the benefits of a numerical approach for such intricate geometrical structures. With such arterial flow problems, the numerical solution method turns out to be a more beneficial approach. Using a numerical method instead of an exact solution approach makes choosing the ideal stenosis locations easier. In this curved artery with numerous stenosis, the numerical technique provides the 2D slice view of flow, 3D flow profile, and pressure distribution at different times. 
The exact solution section contains the velocity, pressure gradient, and wall shear stress results. Using the open-source OPENFOAM program, the numerical results are assessed using the finite volume method; moreover, by considering two different kinds of stenosis shapes—symmetric and non-symmetric shapes—the current study is made more engaging for the readers. Some useful studies in these directions are presented in the Refs. [15-19]
In the studies mentioned above, the usual or straightforward geometries are considered; however, in certain situations, the geometries are very complex, and the solutions for those complex geometries are not very straightforward [20-26]. Some of the more recent studies on numerical solutions are highlighted in these references [27-29]. Other related studies are reported in [30-48]. The novel intention of this investigation is to scrutinize the blood flow patterns inside a curved, complicated, stenosed artery. We have computed both exact and Numerical solutions. 
The main theme of the present work is to highlight the curved stenosed artery and its computational solutions, which are not available in literature according to the author's knowledge. The numerical solutions are computed with the help of the finite volume method through Open Foam software. The solutions are convergent and impressive. Cardiovascular diseases remain a significant global health concern, with arterial stenosis being a common precursor to various complications. Understanding the hemodynamic intricacies of blood flow within stenosed curved arteries is paramount for advancing theoretical knowledge and clinical applications. 
This study focuses on providing a numerical solution using the finite volume method (FVM) for simulating the Navier-Stokes type blood flow inside these complex arterial geometries. By delving into the numerical intricacies of this physiological phenomenon, we aim to unravel insights that contribute to the comprehension of arterial health and disease progression. The novelty of this research lies in the meticulous application of the finite volume method to model the Navier-Stokes equations governing blood flow within stenosed curved arteries. While numerical simulations have become integral in cardiovascular research, the specific focus on curved arteries with stenosis adds a distinctive dimension to the study. The curvature of arteries, combined with the presence of stenosis, introduces unique fluid dynamics that necessitate specialized numerical approaches.

2. Mathematical Formulation 
The flow diagram for the proposed curved stenosed artery is sketched below. This variable or parameter is represented by the tilde symbol (~) above the letter "K." Tilde notation is often used to denote dimensionless quantities or normalized variables. This is another variable, possibly related to length or a characteristic dimension. The subscript "l" might suggest a length scale. Like K, this is likely a dimensionless variable or parameter denoted by the tilde symbol (~) above the letter "N." This represents another variable or function denoted by the tilde symbol (~) above the letter "Ʀ." It might depend on N based on its expression's presence of (−1+N).
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Fig. (1) Flow diagram
The equation represents a mathematical relationship involving dimensionless parameters (K  and N), a length scale (Sl), and a function or variable Ʀ~. The specific meaning and interpretation of the equation would depend on the context of the problem or field in which it is applied. Let us consider a curved artery having radius r and is along the z-axis, and L  exhibits the length of the curved artery. The artery has stenosed at various lengths on both the upper and lower walls of the artery. We have also sketched the mesh diagrams for the artery, as shown in Figs 2a and 2b, through open foam.
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Fig. 2a: Mesh in the case of non-symmetric stenosis
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Fig. 2b: Mesh in the case of symmetric stenosis.
Mathematically, the dimensionless form of multifarious stenosis is illustrated by considering the curved artery. [10-11]
[image: ]
In Eq. (1), R ̅ represents the non-stenotic radius, stenosis length is described by S_l, N is the multiple stenosis shape parameter, and D_l exhibits the stenosis location.
In Eq. (1), the expressions of k ̅ are depicted in the following manner.
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In Eq. (2), is the maximum height of stenosis.
Following are the appropriate equations that govern the ongoing problem [10-11]
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In above equations, W and U are the axial and radial components of the velocity in the cylindrical coordinates (r,Z), ϑ is the kinematic viscosity, pressure is P, and density is represented by ρ.

Now, define the following set of relevant dimensionless ansatz
[image: A group of math equations

Description automatically generated]

In above equations, we take the following suppositions by considering the situation of mild stenosis [4-6]
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We acquire the following equations in dimensionless pattern after the accomplishment of Eqs. (6-7) into Eqs. (3-5).
[image: ]

The conditions at the boundary in their dimensionless structure have the following expressions:
[image: ]
Eq. (1) can be written in the following dimensionless pattern:

[image: ]

3. Main Results
The outcomes of Eq. (9) in context to Eq. (10) is manifested in the following Eq. (12) which displays the result of the velocity field. Efficient software Mathematica is employed to acquire the desirable results. The velocity field is described by the following precise result:
[image: A math equations on a white background
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The considered artery, which experiences multivariate stenosis has the following rate of the flow,
[image: ]

By choosing  in above equation, we acquire the pressure gradient outcomes which can be define in the following way:
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The following expressions indicates the wall shear stress as follows:
[image: A math equations on a white background

Description automatically generated]

4. Numerical outcomes with finite volume technique 
The ongoing flow problem is numerically tackled through the application of Open-FOAM, a toolbox commonly employed in computational fluid dynamics (CFD). The mechanism behind Open-FOAM is reliant on finite-volume methodology. In this approach, the discrete control volumes are produced with the help of complete domain. After that, on these control volumes with little sizes, the numerical calculations of differential equations are conducted. We have utilized the Open-Foam software to explore the turbulent mechanism in a well-known blood flow. To scrutinize the turbulent flow with incompressibility condition for the current analysis, the Open FOAM with its SIMPLE version is operated.  

5. 	Results and discussion
The numerical and precise findings of the ongoing analysis through graphics are manifested in this section. In graphical illustrations, the selection of N ̃=6 is taken to indicate the stenosis non-symmetric form, while  N ̃=2 is utilized to point out the stenosis symmetric pattern. Through the applications of OPENFOAM and Mathematica, exact and numerical outcomes in context to wall sear stress, velocity, and pressure gradient are conducted. Therefore, the outcomes of the flow phenomenon are related to numerical simulations and line graphs. The outcomes of the pressure division featuring non-symmetric formation of stenosis are indicated in Figs. 3(a-d). Figs. 3(b-d) demonstrate that in relation to higher time intervals, the pressure starts to share out throughout the configuration while at the earliest stage of time in Fig. 3a, the circulation of pressure is observed in the neighborhood of the inlet. By employing various time periods and in context of symmetric stenosis form, the distribution of pressure in the considered geometry is disclosed in Figs. 4(a-d). The results of these graphics are same as in the case of non-symmetric stenosis. By considering distinct periods of time t=1, t=2, t=3, and t=4, the 2D velocity field in context of symmetric form of stenosis is depicted in Figs. 5(a-d) respectively. 
The flow phenomenon demonstrated by these graphics depicts the turbulent mechanism with the existence of stenosis inside the considered configuration. The phenomenon in Fig. 5a shows that the outlet that is positioned artery’s left side exhibits the lower mechanism of flow. On the other hand, the flow phenomenon is exceeded towards the inlet that is situated artery’s right side. Now, in context of stenosis non-symmetric framework, the turbulent flow field in 2D in correspondence of various time intervals is divulged in Figs. 6(a-d). Likewise, pressure division, at higher rate of time, the flow field with its greater amplitude completely spread inside the medium. 
On the other hand, near the inlet, the flow distribution with lower time period leads to an accelerating phenomenon. The flow profile with its 3D simulation in relation to non-symmetric case is revealed in Figs. 7(a-d). At different time intervals, the purpose of structuring Figs. 8(a-d) is to scrutinize the 3D visualization of the flow mechanism. These graphics indicate the phenomenon that with the passage of time, the flow is circulating through the configuration. 
Moreover, at the inlet surface, the movement of flow is incredibly high. A deteriorating mechanism in the wall shear stress is identified relative to amplification of s, as disclosed in Fig. 9a. The nature of wall shear stress in context to F parameter and corresponding to both concerned cases is manifested in Fig. 9b. This graphic portrays the augmenting nature of flow field. With the consideration of both desirable pattern of stenosis, the curve of wall shear stress influenced by parameter δ_l is discussed in Fig. 9c. 
The acceleration of δ_l parameter leads to an exaggeration in the wall shear stress by taking both stenosis cases. In accordance with both considered stenosis patterns, Fig. 10a elucidates the consequence of escalating δ_l parameter on the curve of velocity. An inclination in the velocity distribution is indicated. The reason behind this occurrence of phenomenon is that the artery becomes slenderer due to the heighted stenosis, as the stenosis height is characterized by δ_l. Consequently, an intensification is identified in the flow field. The intension behind presenting Fig. 10b is to scrutinize the velocity field characteristics in context of non-symmetric case and symmetric case corresponding to the greater magnitude of F parameter. In relation to both cases, there exists an augmentation in the velocity curve.
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Fig. 3a: At  pressure distribution in context of non-symmetric form.
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Fig. 3b: At  pressure distribution in context of non-symmetric form.
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Fig. 3c: At  pressure distribution in context of non-symmetric form.
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Fig. 3d: At  pressure distribution in context of non-symmetric form.
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Fig. 4a: At  pressure distribution in context of symmetric form.
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Fig. 4b: At  pressure distribution in context of symmetric form.
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Fig. 4c: At  pressure distribution in context of symmetric form.
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Fig. 4d: At  pressure distribution in context of symmetric form.
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Fig. 5a: At  2D velocity curve in context of symmetric form.
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Fig. 5b: At  2D velocity curve in context of symmetric form.
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Fig. 5c: At  2D velocity curve in context of symmetric form.
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Fig. 5d: At  2D velocity curve in context of symmetric form.
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Fig. 6a: At  2D velocity curve in context of non-symmetric form.
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Fig. 6b: At  2D velocity curve in the context of the non-symmetric form.
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Fig. 6c: At  2D velocity curve in the context of the non-symmetric form.
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Fig. 6d: At  2D velocity curve in the context of the non-symmetric form.
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Fig. 7a: At , 3D velocity curve in the context of the non-symmetric form.
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Fig. 7b: At  3D velocity curve in context of non-symmetric form.
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Fig. 7c: At  3D velocity curve in context of non-symmetric form.
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Fig. 7d: At  3D velocity curve in context of non-symmetric form.
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Fig. 8a: At  3D velocity curve in context of symmetric form.
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Fig. 8b: At  3D velocity curve in context of symmetric form.
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Fig. 8c: At  3D velocity curve in context of symmetric form.
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Fig. 8d: At  3D velocity curve in the context of the symmetric form.
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Fig. 9a: Increment of  on wall shear stress.
	[image: ]
Fig. 9b: Increment of  on wall shear stress.
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Fig. 9c: Increment of  on wall shear stress.
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Fig. 10a: Increment of  on velocity curve.
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Fig. 10b: Increment of  on velocity curve.




6. Future Works
Future research could explore the study of blood flow with the Casson model more deeply, particularly in arteries featuring multiple stenosis. This extended investigation would provide a more comprehensive understanding of the complex interplay between stenotic formations and blood flow dynamics. Further analysis incorporating the heat transfer mechanism could also enhance our comprehension of the physiological implications and thermal aspects associated with stenosis in arterial blood flow.

7. Conclusions
An investigation is conducted on the blood flow mechanism by taking a curved artery exhibiting non-symmetric and symmetric stenotic formations. A comparative study is elucidated in relation to both non-symmetric and symmetric stenosis. Due to the involvement of several stenosis positions in the blood flow phenomenon developed by a complicated configuration, the exact findings were challenging in the past. In order to acquire the suitable positions of stenosis in the flow phenomenon, it is beneficial to implement the numerical approach. Through the execution of numerical techniques, the blood flow dynamics generated within intricate configurations featuring distinct stenosis patterns can be effectively addressed. By employing numerical methodology, it is possible to scrutinize the characteristics of the turbulent flow mechanisms. 
Following the implementation of the numerical technique, it is deduced that the increment of parameters delta sub l and cap Leads to an improvement in the velocity profile. In proximity to the position of stenosis, a flow phenomenon of greater magnitude is observed for both types of stenosis.  
Furthermore, a flow mechanism with a disrupted pattern is detected in conjunction with the presence of stenosis. The employment of a numerical approach proves to be instrumental in identifying optimal stenosis positions within the intricate flow phenomenon. Numerical techniques effectively address the complexities of distinct stenosis patterns, allowing for a comprehensive understanding of blood flow dynamics. The turbulent flow mechanisms within these intricate configurations are scrutinized through numerical methodology, revealing valuable insights. Overall, using numerical techniques not only facilitates a detailed examination of turbulent flow characteristics but also enhances our understanding of the intricate dynamics associated with stenosed curved arteries. The current problem can be further study for blood flow with Casson model corresponding to an artery having multiple stenosis. Moreover, the current study can be analyzed with the heat transfer mechanism.
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