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ABSTRACT

The Duffing oscillator (damped or undamped) is one of the most significant and classical 
nonlinear ordinary differential equations in view of its diverse applications in science and 
engineering. The Duffing oscillator is an equation that has a cubic stiffness term regard-
less of the type of damping or excitation. Over the years, different methods have been 
developed for the solution of Duffing oscillators. In this paper, a new method is derived 
for the approximation and simulation of damped and undamped Duffing oscillators. In 
deriving the method, a power series was employed as a basis function by carrying out the 
integration within one-step interval. The results obtained clearly showed that the method 
derived is efficient in approximating Duffing oscillators. The phase plots generated equally 
show that the method is computationally reliable in simulating Duffing oscillators. The 
paper has further analyzed some properties of the method. The outcome of the analysis 
shows that the method derived is consistent, convergent, and zero-stable.
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1. Introduction

The major reason why many scientists are inspired by 
Duffing oscillators is because of their ability to repli-
cate similar dynamics in the natural world. Given their 
unique characteristics of oscillation and chaotic nature, 
the Duffing oscillators find applications in the nonlin-
ear vibration of beams and plates (Bakhtiari-Nejad 
and Nazari, 2009), fluid flow-induced vibration (Srinil 
and Zanganeh, 2012), large amplitude oscillation of 
centrifugal governor systems (Younesian et al., 2011) 
weak signal detection (Abolfazl and Hadi, 2011), and 
magnetoelastic mechanical systems (Guckenheimer 
and Holmes, 1983) among others.

In this paper, a method shall be derived for the 
approximation and simulation of damped and 
undamped Duffing oscillators of the following form:

y t y t y t y t F t' '( ) '( ) ( ) ( ) ( )+ + + =ρ µ γ
3  	 (1)

with the initial following conditions:

	 y y( ) , ' ( )0 0= =α β 		  (2)

where α,β,ρ,μ, and γ are real constants and y t y t y t y t F t' '( ) '( ) ( ) ( ) ( )+ + + =ρ µ γ
3  is a 

real-valued function. The parameters in Equation (1) 
are defined explicitly as follows:

•	 ρ is called the coefficient of damping. It is respon-
sible for controlling the amount of damping.  
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If ρ = 0 then the Duffing oscillator is called 
undamped, otherwise it is called damped;

•	 μ is called the linear stiffness coefficient. It con-
trols the linear stiffness of the Duffing oscillator;

•	 γ is called the nonlinear (harmonic) coefficient 
which controls the amount of nonlinearity in the 
restoring force. Note that if γ = 0, then Duffing 
oscillator describes a damped and driven simple 
harmonic oscillator, and

•	y t y t y t y t F t' '( ) '( ) ( ) ( ) ( )+ + + =ρ µ γ
3  is the periodic external driving force of the 

system which may depend on amplitude and 
angular frequency.

According to Raisinghania (2014), damping is an 
influence within or upon the oscillatory system that 
has the effect of reducing, restricting, or preventing 
its oscillation. On the other hand, simulation means 
the use of a mathematical model to recreate a situa-
tion, often repeatedly, so that the likelihood of various 
outcomes can be more accurately estimated. It is also 
the imitation of the operation of a real-world process 
or system over time. The behavior of a system that 
evolves over time is studied by developing a simula-
tion model.

The Duffing oscillator is an example of a dynamical 
system that exhibits chaotic behavior. For this type of 
system, there are frequencies at which the vibration 
suddenly jumps up or down when it is excited harmon-
ically with a slowly changing frequency. The frequen-
cies at which these jumps occur depend upon whether 
the frequency is increasing or decreasing and whether 
the nonlinearity is hardening or softening.

It is important to also mention that the physical 
model depicting the Duffing oscillator involves two 
magnets that deflect a steel beam toward each other. By 
applying velocity to the beam, it oscillates between two 
magnets. The schematic of a Duffing oscillator is shown 
in Figure 1.

Many researchers have proposed different methods 
for the solution of Duffing oscillators of the form (1). 
These methods among others include Laplace decom-
position method (Yusufoglu, 2006), restarted Adomian 
decomposition method (Vahidi et al., 2012), differen-
tial transform method (Tabatabaei and Gunerhan, 
2014), modified differential transform method 
(Nourazar and Mirzabeigy, 2013), improved Taylor 
matrix method (Berna and Mehmet, 2013), variational 
iteration method (He, 1999, 2000), modified varia-
tional iteration method (Goharee and Babolian, 2014), 
and trigonometrically fitted Obrechkoff method 
(Shokri et al., 2015) among others. It suffices to say 

that only few works have been carried out on apply-
ing hybrid methods to solve Duffing oscillators. Some 
of these recent works are those of Sunday (2017) and 
Khashan et al. (2019).

We assume that the Duffing oscillator in Equation 
(1) satisfies the existence and uniqueness theorem 
stated in Theorem 1.

Theorem 1 (Wend, 1967)

Let,

u f t u u u u t cn n k
k

( ) ( ) ( )( , , ',..., ), ( )= =
−1

0  	 (3)

k = 0,1,...,(n − 1), u and ƒ are scalars. Let ℜ 
be the region defined by the inequalities
t t t a s c b j n a bj j0 0 0 1 1 0 0≤ ≤ + − ≤ = − > >, , , ,...,( ), ( , ) . Suppose 
the function f t s s sn( , , ,..., )0 1 1− is defined in ℜ and in 
addition: 

(i)	� ƒ is non-negative and non-decreasing in each 
of f t s s sn( , , ,..., )0 1 1− in ℜ

(ii)	�  f t c c cn( , , ,..., )0 1 1 0− > , for ≤ ≤ +0 0t t t a , and

(iii)	� c k nk ≥ = −0 0 1 1, , ,...,
Then, the Duffing oscillator given by the initial value 
problem in Equations (1) and (2) has a unique solu-
tion in ℜ. See Wend (1967) for proof.

2. Derivation of the Method and Analysis

We shall derive a new discrete method of the following 
form: 

A Y h e y h d f y b f Ym
i i

i n
i

i

i
i

i n i m
( ) ( ) ( ) ( ) ( )0

0

1

= + +[ ]
=

−

−

∑
µ 	 (4)

Figure 1. Showing the mechanical interoperation of the Duffing 
oscillator (Tonya and Anne, 2009).
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where 

Y y y y f Y f f fm
i

n i
i

n j
i

n
i T

m n i n j n
T( ) ( ) ( ) ( ) ,= …





( ) = …[ ]+ + + + + +1 1 ,

y y y y f y f f fn
i

n i
i

n j
i

n
i T

n n i n j n
T( ) ( ) ( ) ( ) ,= …





( ) = …[ ]− − − −

= − × −1 10A r r( ) ( )( ) is an identity matrix, μ is the 
order of the differential equation to be solved, and 
i in parenthesis, i.e., (i), denotes the power of the 
derivative of the method. When i = 0, we evaluate the 
− × −1 1r r( ) ( ) matrices e e d and b, ,0 1 0 0  and when i  

= 1 (the first derivative), we evaluate the − × −1 1r r( ) ( ) 
matrices e d and b,1 1 1 .

The major idea in this work is to approximate the  
exact solution to the Duffing oscillator (1) on the parti-
tion, π = = < < < < < < < =+a x x x x x x b[ ... ... ]a b n n N, 0 1 2 1

within the one-step integration interval = +a b x x, [ , ]n n 1  
by power series polynomial basis function given as 
follows:

		

y x xj
j

j

r s

( ) =
=

+ −

∑ τ

0

1

	 5)

where �ј is the real coefficients to be determined, s is 
the number of interpolation points, r is the number of 
collocation points, and = − −h x xn n 1 is a constant step-
size of the partition of the interval [a,b]. In doing so, the 
one-step interval of integration +x x,n n 1  shall be parti-
tioned at five off-grid points, i.e., 1

6
1
3
1
2
2
3

5
6

, , , ,and . We assume 
that the polynomial (5) must pass through the interpola-
tion ( ) =+ +

2

3

5

6
x y s, , ,n s n s  points  and the collocation points  

( ) =+ + 0
1

6
1x f r, ,n r n r  which give a system of (r + s) equa-

tions as follows: 

τ j
j

n s
j

r s

x y s= =+

=

+ −

∑ , ,2
3
5
60

1
	 (6)

∑ τ− = =−
+

=

+ −

1 0
1

6
12

0

1

j j x f r( ) ,j
j

n r
j

r s

	 (7)

The system of (r + s) Equations in (6) and (7) is then 
written compactly in the following matrix form:

	 XT = U	 (8)

where 

T U y y f f f f f f fT

n n

T

= …[ ] =








+

τ τ τ τ τ0 1 2 3 8 2
3

5
6

1
6

1
3

1
2

2
3

5
6

1,

and 

X

x x x x x x x x

x x

n n n n n n n n

n n

=

+ + + + + + + +

+

1

1

2
3

2
3

2
2
3

3
2
3

4
2
3

5
2
3

6
2
3

7
2
3

8

5
6

++ + + + + + +
5
6

2
5
6

3
5
6

4
5
6

5
5
6

6
5
6

7
5
6

8

2 30 0 2 6 12 20 3

x x x x x x

x x x

n n n n n n

n n n 00 42 56
0 0 2 6 12 20 30 42 56

4 5 6

1
6

1
6

2
1
6

3
1
6

4
1
6

5

x x x
x x x x x

n n n

n n n n n+ + + + +

xx

x x x x x x

n

n n n n n n

+

+ + + + + +

1
6

6

1
3

1
3

2
1
3

3
1
3

4
1
3

5
1
3

60 0 2 6 12 20 30 42 56

0 0 22 6 12 20 30 42 56

0 0 2 6 1

1
2

1
2

2
1
2

3
1
2

4
1
2

5
1
2

6

2
3

x x x x x x

x

n n n n n n

n

+ + + + + +

+

22 20 30 42 56

0 0 2 6 12 2

2
3

2
2
3

3
2
3

4
2
3

5
2
3

6

5
6

5
6

2

x x x x x

x x

n n n n n

n n

+ + + + +

+ +

00 30 42 56
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5
6

3
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6

4
5
6

5
5
6

6

1 1
2

1
3

x x x x

x x x x

n n n n

n n n n

+ + + +

+ + + ++ + +

















































































1
4

1
5

1
642 56x xn n









Solving Equation (8) using the Gaussian elimination 
method for �ј 's which are constants to be determined 
and substituting into the approximate solution (5) 
gives a continuous hybrid linear multistep method of 
the following form:

y x x y h x f x f ks n s

s

j n j k n k
j

( ) ( ) ( ) ( ) ,
,

= + +










 =+

=

+ +

=

∑ ∑α β β

2
3
5
6

2

0

1 11
6
1
3
1
2
2
3
5
6

, , , ,

	
(9)

where 

and t s and defined as follows:

	
t x x

h
n

=
−

	 (11)

(10)

α

α

β

2
3

5
6

0

8 7

5 6

6 4

1
544320

629856 2939328 571

( )

( )

( )

t t

t t

t
t t

= −

= −

= −

+ − 55360 6001128
3683232 1333584 272160 129699
567

6 5

4 3 2

t t
t t t t

+

− + − +

− 770

1
181440

1259712 5598720 10124352
1
6

8 7 6





















= −
− +

β ( )t
t t t −−

+ − − +















9471168
4735584 1088640 160053 106190

5

4 3

1
3

t
t t t

β (tt
t t t t

) =
− + −

+

1
181440

3149280 13296960 22371552 18819864
7960

8 7 6 5

6680 1360800 524289 288470

1
272160

6298

4 3

1
2

t t t

t

− − +















= −β ( )
5560 25194240 39517632 30373056

11521440 1814400

8 7 6 5

4

t t t t
t
− + −

+ − tt t

t
t

3

2
3

8

954297 534310

1
181440

3149280 11897280

− +















=
−

β ( )
tt t t

t t t

7 6 5

4 3

17472672 12532968
4490640 680400 530115 29645

+ −

+ − − + 00

1
181440

1259712 4478976 6205248 424
5
6

8 7 6















= −
− + −

β ( )t
t t t 55696
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1
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5

4 3

1

t
t t t

t

+ − − +


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Solving independently the solution of (9) for +fn j and 
+fn k  gives the continuous hybrid block method of the 

following form:

Y jh
i
y h x f x f kn j

i

n
i

j n j k n k
j

+ + +

=

= + +










 =∑
( )
!

( ) ( ) , ,( ) 2

0

1 1
6
1
3

σ σ ,, , ,1
2
2
3
5
60

1

i=
∑ 	 (12)

where the coefficients of +fn j  and +fn k are given as 
follows:

σ 0
8 7 6 5 4 3 21

840
972 4536 8820 9261 5684 2058 420( )t t t t t t t t= − + − + − +( )

σσ

σ

1
6

8 7 6 5 4 3

1
3

3
70
162 720 1302 1218 609 140( )

( )

t t t t t t t

t

= − − + − + −( )

=
33
280

1620 6840 11508 9681 4095 700

1
1

8 7 6 5 4 3

1
2

t t t t t t

t

− + − + −( )

= −σ ( )
005
2430 9720 15246 11718 4445 700

3
280

8 7 6 5 4 3

2
3

t t t t t t

t

− + − + −( )

=σ ( ) 11620 6120 8988 6447 2310 350

3
70
162

8 7 6 5 4 3

5
6

t t t t t t

t t

− + − + −( )

= −σ ( ) 88 7 6 5 4 3

1
8 7

576 798 546 189 28

1
840

972 3240 42

− + − + −( )

= − +

t t t t t

t t tσ ( ) 884 2835 959 1406 5 4 3t t t t− + −( )











































	

(13)

Evaluating the first derivative of (12) with t = 









1
6
1
6
1  

gives a discrete hybrid block method of the following 
form (4) where:

Y y y y y y ym
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n
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n

i

n

i

n

i

n

i i
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=
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
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




+ + + + +
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i
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n
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i
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i

=
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
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A(0) is a 6 x 6 identity matrix given as follows:

A( )0

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
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0 0 0 0 1 0
0 0 0 0 0 1
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When i = 0 , we have the following:

When i = 1, we have the following:
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Some properties of the method derived above are 
analyzed. These properties among others include the 
order, error constant, consistency, zero-stability, and 
stability region.

In determining the order and error constant of the 
method, we first define the linear operator associated 
with the discrete method (4) as follows:

L y t h A Y h e y h d f y b f Ym
i
i n n m
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( ) : ( ) ( )( )
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∑
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λ

	 (14)

Assuming that y(t) is sufficiently differentiable, we 
write the terms in (14) as a Taylor series expansion 
about the point t to obtain the following expression:
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where the constant coefficients =c p, 0,1,2,...p  are 
given as follows:
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The method (4) is said to be of uniform accurate 
order ρ, if ρ is the largest positive integer for which 
c c c c c c cp p p p0 1 2 1 2 20 0= = =…= = = ≠ ⋅+ + +, . c c c c c c cp p p p0 1 2 1 2 20 0= = =…= = = ≠ ⋅+ + +,  is called the 
error constant and the local truncation error of the 
method is given as follows:

t c h y t O hn k p
p p p

+ +

+ + +

= + ( )2
2 2 3( ) ( ) ( )( ) 	 (17)

The order of the method is also defined as the larg-
est positive real number ρ that quantifies the rate 
of convergence of a numerical approximation of 
a differential equation to that of the analytical or 
exact solution.

Definition 1 Error constant (Fatunla, 1980)

The term +c p 2 is called the error constant (Fatunla, 
1980). Thus, the local truncation error for (4) is given 
as follows:

	 t c h y t o hn k p
p p

n
p

+
+

+ + +

= +2
2 2 3( ) ( ) ( ) 	 (18)

The error constant is the accumulated error when the 
order of a method has been computed. The order and 
the error constants of the method derived are summa-
rized in Table 1.

The consistency of the method is now tested. 
According to Lambert (1991), a continuous linear 
multistep method is said to be consistent if it satisfies 
the following condition:

(i)	 the order p ≥ 1

It is important to state that the consistency of a method 
controls the magnitude of the local truncation error 
committed at each stage of the computation. The new 
method derived is, therefore, consistent since it has a 
uniform order p = 7.

We further test for the zero-stability of the 
method. According to Fatunla (1980), a method is 
said to be zero-stable, if the roots =z s k, 1,2,...,s  
of the first characteristic polynomial p (z) defined 
by ρ = −z zA e( ) det( )(0)

0 satisfies ʺz 1s  and every 
root satisfying =z 1s  has multiplicity not exceeding 
the order of the differential equation. Moreover, as 
→h 0, ρ = −−z z z( ) ( 1)r  where μ is the order of 

the differential equation, r is the order of the matrices 
A and e(0)

0
.The main consequence of zero-stability is 

to control the propagation of the error as the integra-
tion progresses.

The first characteristic polynomial of the method 
derived is as follows: 

ρ( )z z=
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Table 1. Order and error constant of the method.

+y x( )n j
Order Error constant

=j
1

6 7 6.5967 × 10−10

=j
1

3 7 1.6311 × 10−9

=j
1

2
7 2.5516 × 10−9

=j
2

3
7 3.4721 × 10−19

=j
5

6
7 4.4435 × 10−9

=j 1 7 5.1032 × 10−9
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Solving for z in 

		  − =z z( 1) 05 	 (19)

we obtain z z z z z z1 2 3 4 5 60 0 0 0 0 1= = = = = =, , , , and . The 
method derived is, therefore, zero-stable.

To test for the convergence of the method, we 
employed Theorem 1.

Theorem 2 (Dahlquist, 1956)

The necessary and sufficient conditions for a linear 
multistep method to be convergent are that it be con-
sistent and zero-stable.

Thus, the method derived is said to be convergent.
Finally, we determined the region within which the 

method derived is stable.

Definition 2 Region of Absolute Stability (Yan, 2011)
The region of absolute stability is a region in the 

complex z plane, where z = λh. It is defined as those 
values of z such that the numerical solutions of y" = −
λ2y satisfy → →∞y as j0j for any initial condition.

Applying the boundary locus method, we obtained 
the stability polynomial of the method as follows:
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The stability region of the method is shown in Figure 2.
The region of absolute stability of the method is 

A-stable. The region of absolute stability is the area 
within the curve.

3. Numerical Simulation of Duffing Oscillators
In this section, we shall apply the newly derived 
method in simulating Duffing oscillators. Firstly, the 

numerical simulation of Duffing oscillators would be 
carried out to determine the type of spring. Secondly, 
the Duffing oscillator shall be simulated at varied 
external force parameter F in order to investigate the 
influence of F on the behavior of the system.

3.1. Numerical simulation of Duffing oscillators to 
determine the type of springs

According to Zhang (2005), Duffing oscillators could 
be simulated in order to determine the type of springs. 
The author, therefore, varied the stiffness coefficient 
μ and nonlinear coefficient γ. This led to the types of 
Duffing oscillators presented in Table 2.

Adapted from Zhang (2005).
The new method developed in this research was 

also used to simulate the Duffing oscillators using the 
same parameters adopted by Zhang (2005). This is to 
help in comparing the phase plots of Zhang (2005) 
with those of the new method. The authors of this 
study went further to investigate the minimum value 
of the damping coefficient ρ that is required by each 
type of Duffing oscillator.

The authors, therefore, modified Table 2 of Zhang 
(2005) as that shown in Table 3.

A hard spring is stiffer than a soft spring; when a mass 
is pulled from a hard spring, its shape is restored more 
quickly than a soft spring and will then oscillate until 
it reaches its equilibrium. This behavior is evident in 
Figure 3 as the spring achieves periodic motion quickly 
(Zhang, 2005). The “tightness” of the path shown in the 
figure demonstrates the oscillation of the spring, which 
is relatively close to its equilibrium point.

Figure 5 shows a soft spring. Given its low spring 
constant value (i.e., low stiffness), it will have difficulty 
restoring to its initial coiled state.

Table 2.  Types of Duffing oscillators.

Type of Duffing oscillator μ γ
Hard spring >0 >0

Soft spring <0 >0

Non-harmonic spring >0 =0

Inverted spring >0 <0

Table 3.  Types of Duffing oscillators.

Type of Duffing oscillator μ γ ρ

Hard spring >0 >0 >0

Soft spring <0 >0 <0

Non-harmonic spring >0 =0 >0

Inverted spring >0 <0 >0Figure 2. Stability region of the method.

(20)
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A simple harmonic oscillator occurs when the 
path of the spring moves at a constant frequency and 
amplitude around its equilibrium point (Zhang, 2005). If the harmonic oscillator is damped, it is character-

ized with a decreasing frequency and amplitude over 
time. Conversely, as shown in Figure 7, this spring is 
non-harmonic γ = 0, displaying a lack of balance with 
respect to the equilibrium point.

Figure 9 shows the system behavior of an inverted 
spring where its parameters are the opposite of those 
of a soft spring (Zhang, 2005).

Figure 3. Hard spring with F = = > = >0 34875 1 0 1 0. , ( ), ( )µ γ   
(Zhang, 2005).

Figure 4. Hard spring with F = = > = > = >0 34875 1 0 1 0 0 5 0. , ( ), ( ), . ( )µ γ ρ   
using the new method.

Figure 5. Soft spring with F = = − < = >0 34875 1 0 1 0. , ( ), ( )µ γ   
(Zhang, 2005).

Figure 6. Soft spring with F = = − < = > = − <0 34875 1 0 1 0 0 5 0. , ( ), ( ), . ( )µ γ ρ   
using the new method.

Figure 7. Non-harmonic spring with F = = > =0 34875 1 0 0. , ( ),µ γ  
(Zhang, 2005).
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3.2. Numerical simulation of Duffing oscillators to 
investigate the influence of external driving force F

Oscillation is one of the most significant characteris-
tics of the Duffing equation, hence it is alternatively 
labeled as Duffing oscillator. The property “oscillation” 
is inherent in the system’s behavior. Therefore, in this 
section, the method derived shall be used in simulat-
ing the Duffing oscillator by varying the external driv-
ing force F.

Therefore, the force  F would be varied at F = 
0.1,10,50,55,60; also, the nonlinear (harmonic) 
and spring stiffness parameters are set to be equal,  
i.e., γ= = 1, while we assume that there is no damp-
ing r = 0.

It was, however, observed that a particular F -value 
offered a distinctive pattern inconsistent with the 
others. Specifically, F=55 in Figure 14 shows a highly 
structured set of trajectories in its phase plot presen-
tation. Unlike other systems with an F-value relatively 
close to this one (Fig. 13, F=55 and Fig. 15 F=60), this 

particular system F = 55 appears to have a lesser vis-
ible random set of trajectories (Zhang, 2005). With 
further exploration of random samples of F-values 
between 70 and 100, no other unique patterns were 
detected causing a speculation that F = 55  potentially 
has some algebraic significance.

4. Results and Discussion

The method derived shall be applied in approximating 
Duffing oscillators of the form (1). The method shall 
also be used to solve some other types of second-or-
der differential equations. The following notations are 
used in Tables 4–9.

t = Point of evaluation;

Error = Absolute error of the new method;

EMU = Absolute error in Malik et al. (2015);

EOM = Absolute error in Olabode and Momoh (2016);

ESJ = Absolute error in Sunday (2017);

Figure 8. Non-harmonic spring with 
F = = > = = >0 34875 1 0 0 0 5 0. , ( ), , . ( )µ γ ρ using the new method.

Figure 10. Inverted spring with F = = > = − < = >0 34875 1 0 1 0 0 5 0. , ( ), ( ), . ( )µ γ ρ

using the new method.
Figure 11. Variance on force F = = = =0 1 1 1 0. , , ,µ γ ρ using the new 
method.

Figure 9. Inverted spring with F = = > = − <0 34875 1 0 1 0. , ( ), ( )µ γ

(Zhang, 2005).
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EOO = Absolute error in Olanegan et al. (2018);

EDR = Absolute error in Dominic (2019);

Time/s = Evaluation time per seconds of the new 
method.

Problem 1

Consider the damped Duffing oscillator,

y t y t y t y t t t' '( ) ' ( ) ( ) ( ) cos ( ) sin( )+ + + = −
3 3 	 (21)

whose initial conditions are,

		  y y( ) , ' ( )0 1 0 0= = 	 (22)

The exact solution is given as follows:

		  y t t( ) cos ( )= 	 (23)

Source: Tabatabaei and Gunerhan (2014)

The result of Problem 1 is presented in Table 4.

Problem 2

Consider the damped Duffing oscillator,

	 y t y t y t y t e t''( ) '( ) ( ) ( )+ + + =
−2 8 3 3 	 (24)

with the initial conditions,

		
y y( ) , '( )0 1

2
0 1

2
= = − 	 (25)

The exact solution is given as follows:

			 
y t e t( ) = −

1
2

	 (26)

Source: Malik et al. (2015)

The result of Problem 2 is presented in Table 5.

Problem 3

Consider the following undamped Duffing oscillator of 
the following form:

	 y t y t y t B t' '( ) ( ) ( ) cos+ + = Ω
3 	 (27)

with initial conditions,

		  y y( ) , ' ( )0 0 0= =α 	 (28)

where

α = = Ω =0 200426728067 0 002 1 01. , . , .B 	 (29)

The exact solution to the problem is

	
y t A Cos i ti

i
( ) = +( )Ω( )+

=

∑ 2 1
0

3

2 1 	 (30)

where

Figure 14. Variance on force F = = = =55 1 1 0, , ,µ γ ρ

Figure 12. Variance on force F = = = =10 1 1 0, , ,µ γ ρ

Figure 15. Variance on force F = = = =60 1 1 0, , ,µ γ ρ

Figure 13. Variance on force F = = = =50 1 1 0, , ,µ γ ρ



L. J. Kwari et al. / Science Forum (Journal of Pure and Applied Sciences) 21 (2021) 503 – 515512
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004014

0 000000000374 0 000000000000
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
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(31)

Source: Shokri et al. (2015)

The result of Problem 3 is presented in Table 6.

Problem 4

Consider the undamped Duffing oscillator, 

y t y t y t t t t''( ) ( ) ( ) cos sin sin+ + = +( ) −
3 310 99 10ε ε 	 (32)

with the initial conditions,

		  y y( ) , '( )0 1 0 10= = ε 	 (33)

where ε = −10 10 . The exact solution is given as follows:

		  y t t t( ) cos sin= +ε 10 	 (34)

This equation describes a periodic motion of low fre-
quency with a small perturbation of high frequency.

Source: Olabode and Momoh (2016)

The result of Problem 4 is presented in Table 7.

Problem 5

The temperature y degrees of a body, t minutes after 
being placed in a certain room, satisfiy the differential 
equation 3 0

2

2

d y
dt

dy
dt

+ = . By using the substitution z dy
dt

=  or 
otherwise, find y in terms of t given that y = 60 when 
t = 0, y = 35, and t = 6ln 4. Find out after how many 

minutes the rate of cooling of the body will have fallen 
below one degree per minute, giving your answer cor-
rect to the nearest minute. The problem is mathemati-
cally modeled as follows: 

y t y t y y' '( ) '( ) , ( ) , '( )= − = = −

3
0 60 0 80

9 	 (35)

The exact solution is given by,

y t e
t

( ) = +

−








80

3
100
3

1
3

	
(36)

Source: Olanegan et al. (2018).

The result of Problem 5 is presented in Table 8.

Problem 6

Consider the Stiefel and Bettis system of equations, 

y t y t t y y
y t y t
' ' ( ) ( ) . cos( ), ( ) , ' ( )
' ' ( ) ( ) .
1 1 1 1

2 2

0 001 0 1 0 0
0

+ = = =

+ = 0001 0 1 0 0 99952 2sin( ), ( ) , ' ( ) .t y y= =
	 (37)

The exact solution is given as follows:

y t t t t
y t t t t
1

2

0 0005
0 0005

( ) cos( ) . sin ( )
( ) sin( ) . cos ( )
= +

= − 		
(38)

Source: Olabode and Momoh (2016)

The result of Problem 6 is presented in Table 9.

Table 4.  Showing the results for Problem 1 in comparison with the absolute errors in Sunday (2017).

t Exact Solution Computed Solution Error ESJ Time/s

0.1000 0.9950041652780258 0.9950041652780258 0.000000e + 000  9.418022e-013 0.3093

0.2000 0.9800665778412416 0.9800665778412416 0.000000e + 000  9.320766e-012 0.3960 

0.3000 0.9553364891256060 0.9553364891256060 0.000000e + 000  2.371603e-011 0.4134 

0.4000 0.9210609940028850 0.9210609940028850 0.000000e + 000  4.248379e-011 0.4401 

0.5000 0.8775825618903727 0.8775825618903727 0.000000e + 000  6.390422e-011 0.4867

0.6000 0.8253356149096781 0.8253356149096781 0.000000e + 000  8.632239e-011 0.5134 

0.7000 0.7648421872844882 0.7648421872844882 0.000000e + 000  1.082653e-010 0.5800 

0.8000 0.6967067093471651 0.6967067093471651 0.000000e + 000  1.285219e-010 0.6367 

0.9000 0.6216099682706640 0.6216099682706640 0.000000e + 000  1.461836e-010 0.6934 

1.0000 0.5403023058681392 0.5403023058681390 0.000000e + 000  1.606468e-010 0.7404 
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Table 5.  Showing the results for Problem 2 in comparison with the absolute errors in Malik et al. (2015).

t Exact Solution Computed Solution Error ESJ Time/s

0.1000 0.4524187090179798 0.4524187090179798 0.000000e + 000 1.487e-08 0.1411   

0.2000 0.4093653765389909 0.4093653765389909 0.000000e + 000 1.286e-07 0.1904   

0.3000 0.3704091103408589 0.3704091103408589 0.000000e + 000 1.464e-07 0.2209   

0.4000 0.3351600230178196 0.3351600230178196 0.000000e + 000 1.393e-07 0.2803 

0.5000 0.3032653298563167 0.3032653298563167 0.000000e + 000 1.845e-07 0.3269   

0.6000 0.2744058180470131 0.2744058180470131 0.000000e + 000 2.422e-07 0.4435   

0.7000 0.2482926518957047 0.2482926518957047 0.000000e + 000 2.468e-07 0.4999   

0.8000 0.2246644820586107 0.2246644820586107 0.000000e + 000 2.127e-07 0.5866   

0.9000 0.2032848298702994 0.2032848298702994 0.000000e + 000 1.987e-07 0.6929   

1.0000 0.1839397205857211 0.1839397205857211 0.000000e + 000 2.071e-07 0.7298   

Table 6.  Showing the results for Problem 3 in comparison with end-point 
absolute errors in Sunday (2017).

h Error ESJ Time/s

m/500 1.256151e-016 8.813783e-013 1.2676

m/1000 1.678127e-016 1.114692e-012 1.6272

m/2000 2.061690e-015 2.953554e-012 2.1287

m/3000 4.167032e-015 2.339406e-012 2.2781

m/4000 5.267817e-015 1.859929e-012 3.0182

m/5000 6.762717e-015 1.328992e-012 4.0167

m =10 in Table 6.

Table 7.  Showing the results for Problem 4 in comparison with the absolute errors in Olabode and Momoh’s 
(2016) study.

t Exact Solution Computed Solution Error EOM Time/s

0.0025 0.9999968750041274 0.9999968750041274 0.000000e + 000  0.000000e+000 0.2198   

0.0050 0.9999875000310395 0.9999875000310395 0.000000e + 000  1.110223e-016 0.2728   

0.0075 0.9999718751393287 0.9999718751393287 0.000000e + 000  8.881784e-016 0.3300   

0.0100 0.9999500004266486 0.9999500004266486 0.000000e + 000  7.771561e-016 0.3712   

0.0125 0.9999218760297148 0.9999218760297148 0.000000e + 000  4.440892e-016 0.4109   

0.0150 0.9998875021243030 0.9998875021243030 0.000000e + 000  9.992007e-016 0.4698   

0.0175 0.9998468789252486 0.9998468789252486 0.000000e + 000  1.665335e-015 0.5126   

0.0200 0.9998000066864446 0.9998000066864446 0.000000e + 000  2.775558e-015 0.6234   

0.0225 0.9997468857008414 0.9997468857008414 0.000000e + 000  5.440093e-015 0.6824   

0.0250 0.9996875163004431 0.9996875163004431 0.000000e + 000  7.216450e-015 0.7219   

0.0275 0.9996218988563066 0.9996218988563066 0.000000e + 000  9.436896e-015 0.7715   
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From the results obtained in Tables 4–9, it is 
obvious that the method derived performed better 
than the ones with which we compared our results. 
The simulations results obtained from the phase 
plots in Figures 3–15 equally showed that the newly 
derived method effectively simulates Duffing oscil-
lators. This is because by varying parameters, we 
can know the resultant type of Duffing oscillator. It 
also tells us the effect of external driving force F on 
the behavior of the system. The method derived was 
also employed in solving other types of second-or-
der differential equations and from the results 

obtained; it is obvious that the method is computa-
tionally reliable. The evaluation time per seconds of 
the new method was also micro, implying that the 
method generates results very fast. Thus, it can be 
concluded that the method is efficient.

5. Conclusion

Conclusively, a method has been derived for the approx-
imation and simulation of Duffing oscillators of the 
form (1). It is clear that the method is computationally 
reliable by virtue of the results obtained. Furthermore, 

Table 8.  Showing the results for Problem 5 in comparison with the absolute errors in Olanegan et al. 
(2018);

t Exact Solution Computed Solution Error EOO Time/s

0.1000 59.1257626795201650 59.1257626795207595 9.245422e-016 7.476427e-06  0.0091   

0.2000 58.2801862675098120 58.2801862675098669 7.891086e-016 2.939419e-05 0.0101   

0.3000 57.4623311476255910 57.4623311476255318 5.926176e-016 6.480165e-05 0.0200   

0.4000 56.6712885078119370 56.6712885078114686 4.684342e-015 1.127905e-05 0.0502   

0.5000 55.9061793304163790 55.9061793304166670 3.123519e-015 1.724976e-04 0.1005   

0.6000 55.1661534154128500 55.1661534154117978 4.647865e-014 2.431027e-04 0.1267   

0.7000 54.4503884356475110 54.4503884356471849 3.261193e-014 3.238270e-04 0.1956   

0.8000 53.7580890230573020 53.7580890230571750 2.845575e-014 4.139307e-04 0.2601   

0.9000 53.0884858848458170 53.0884858848457003 1.167002e-014 5.127120e-04 0.3001   

1.0000 52.4408349486343820 52.4408349486341820 3.638386e-013 6.195049e-04 0.3721

Table 9.  Showing the results for Problem 6 in comparison with the absolute errors in Dominic’s 
(2019).

t Error y1 Error y2 Error in EDR y1 Error in EDR y2 Time/s

0.1000 1.256535e-012 2.826929e-012 1.055952e-012 1.016920e-011 0.0321

0.2000 2.113954e-012 5.899430e-012 1.428503e-011   2.038960e-011 0.0493

0.3000 2.376410e-012 6.830921e-012 4.955660e-011  1.545070e-013 0.0667

0.4000 3.424150e-012 1.499123e-012 1.016060e-010  8.106310e-011 0.1056

0.5000 3.394396e-012 1.839452e-012 1.741578e-010  2.537670e-010 0.1229

0.6000 3.343548e-012 1.655884e-011 2.642489e-010  5.484820e-010 0.1419

0.7000 4.294920e-012 1.247034e-011 3.757940e-010  9.957060e-010 0.1594

0.8000 4.257394e-012 8.431255e-011 5.060214e-010 1.625950e-009 0.1766

0.9000 5.234413e-012 5.323966e-011 6.590353e-010 2.469720e-009 0.1939

1.0000 6.226530e-012 3.212587e-011 8.322541e-010 3.557520e-009 0.2985
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some basic properties of the method were analyzed 
and from the analysis carried out, the method was 
found to be convergent, consistent and zero-stable.
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